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It was shown by Beachy and Blair [2, Proposition 1.4, p. 7 and Corollary 3.3, p. 25] that the following three conditions on a ring R with identity are equivalent:
(1) every hereditary pretorsion class in R-Mod is closed under arbitrary (and not just finite) direct products, or equivalently, every left topologizing filter on R is closed under arbitrary (and not just finite) intersections;
(2) every left R-module M is finitely annihilated, meaning (0 : M ) = (0 : X) for some finite subset X of M ; (3) R is left artinian.
In this paper we shall attempt to describe those modules M with the property that every hereditary pretorsion class in the Grothendieck category σ 
Preliminaries
The symbol ⊆ denotes containment and ⊂ proper containment for sets. Throughout the paper R will denote an associative ring with identity and R-Mod the category of unital left R-modules. If N, M ∈ R-Mod we write N ≤ M [resp. N M ] if N is a submodule of M [resp. N is embeddable in M ]. If X, Y are nonempty subsets of M we define (X : Y ) = {r ∈ R : rY ⊆ X}. For subsets X, Y of R we define (X : l Y ) = {r ∈ R : rY ⊆ X}. We recall some of the basic definitions and results of torsion theory. The reader is refered to [3] , [4] , [12] and [13] for background information on hereditary pretorsion classes.
We say N ∈ R-Mod is subgenerated by a nonempty class C in R-Mod if N is isomorphic to a submodule of a homomorphic image of a direct sum of modules in C. We denote by σ[C] the class of all modules which are subgenerated by C. If C = {M } is a singleton we write σ[M ] in place of σ[{M }]. A nonempty class of modules in R-Mod which is closed under direct sums, homomorphic images and submodules is called a hereditary pretorsion class; σ[C] is the smallest such class containing C. Every hereditary pretorsion class in R-Mod is of the form σ[M ] for some M ∈ R-Mod.
Given any hereditary pretorsion class T in R-Mod and N ∈ R-Mod, the submodule
is the unique largest submodule of N belonging to T . For each ring R the collection of all hereditary pretorsion classes in R-Mod is a complete lattice under the relation of inclusion. If T and T are hereditary pretorsion classes in R-Mod the extension of T by T is defined as
where A ∈ T and B ∈ T }.
It is easily verified that T : T is a hereditary pretorsion class containing both T and T and (T :
Observe that T is idempotent in the sense that T : T = T precisely if T is closed under extensions and thus a hereditary torsion class. The transfinite product T α (α an ordinal) is defined recursively as follows:
If α is the smallest ordinal for which T α+1 = T α then T := T α is the unique smallest hereditary torsion class containing T (see [4, Each hereditary pretorsion class T in R-Mod is a Grothendieck category; coproducts, quotient objects and subobjects in T are the same as in R-Mod because of the defining closure properties of a hereditary pretorsion class [12, 15.1( (1), (2) 
is the injective hull of N in T .
Main results
Let T be a hereditary pretorsion class in R-Mod and N ∈ R-Mod. We call a submodule N of N , T -dense if N/N ∈ T . The set L(N, T ) of all Tdense submodules of N is a filter in the lattice theoretic sense on the lattice of submodules of N (see [13, 9.7, p . 60]). We shall adopt the following notation:
In general, N T is not a T -dense submodule of N .
Theorem 1
The following assertions are equivalent for a left R-module M :
i∈Γ N i ∈ T , as required.
We shall call M ∈ R-Mod product closed if it satisfies the equivalent assertions in Theorem 1.
Remark 2 Observe that if
Recall that M ∈ R-Mod is said to be locally artinian [resp. locally of finite length] if every finitely generated submodule of M is artinian [resp. has finite length].
Proposition 3 Every locally artinian left R-module is product closed.
Proof. Suppose M ∈ R-Mod is locally artinian. Let T be a hereditary pretorsion class in σ [M ] and N ∈ σ[M ] with N finitely generated. Since every module in σ[M ] is locally artinian, N must be artinian, so every nonempty set of submodules of N has a minimal element. Assertion (iii) of Theorem 1 thus holds.
Remark 4 (i) The converse to Proposition 3 is not valid as shown in Example 11. However, we shall prove in Theorem 16 that if M is a finitely generated product closed module such that M is projective in σ[M ] and satisfies a 'weak generator' type property, then M has finite length.
(ii) Every semisimple left R-module is locally artinian and therefore product closed by Proposition 3. (iii) Every torsion abelian group is a locally artinian Z-module and therefore product closed.
We now establish some general properties of product closed modules.
Proposition 5 If a left R-module M is product closed then every cogenerator for
C for some index set Γ. Since M is product closed we have by Theorem 1(i) that
We shall denote by SOC the hereditary pretorsion class consisting of all semisimple left R-modules. 
Proposition 7 Every polyform product closed left R-module has essential socle.
Proof. Suppose M ∈ R-Mod is polyform and product closed. Since M is by definition S M -torsion-free, every
Recall that M ∈ R-Mod is said to be semiartinian if M ∈ SOC α for some ordinal α, or equivalently, if every nonzero factor module of M has nonzero socle (see [12, 32.6 
, p. 270]).
Our next objective is to prove that if M is product closed and has the property that M is projective in σ[M ] then M is semiartinian. Observe that T 1 consists of all the semisimple modules in R-Mod, i.e., T 1 (M ) = SOC(M ) for all M ∈ R-Mod. Note also that T 1 is closed under arbitrary direct products in R-Mod because it consists precisely of all those left Rmodules which are annihilated by the ideal J(R). Observe that T 2 consists of all modules in R-Mod which are not cofaithful. (Recall that N ∈ R-Mod is said to be cofaithful if (0 : X) = 0 for some finite subset X of N ; this is equivalent to N being a subgenerator for R-Mod.)
Proof. A cogenerator for σ[M ] is given by
Take N ∈ T 2 \T 1 and put M = N/T 1 (N ). Since T 1 is a hereditary torsion class and N / ∈ T 1 , M is a nonzero module with SOC(M ) = 0. Clearly, Proof. Let N be an M -generated subgenerator for T . There exists an epimorphism f : 
If M ∈ R-Mod and T is an arbitrary hereditary pretorsion class in
The previous proposition tells us that the right hand side of this containment coincides with T in the case where
The next result follows immediately.
Recall that an element c of a complete upper semilattice L is said to be compact if c ≤ X implies c ≤ Y for some finite subset Y of X, whenever X ⊆ L. If L is chosen to be the complete lattice of all hereditary pretorsion classes of R-Mod, then the compact elements of L are precisely those hereditary pretorsion classes which possess a finitely generated subgenerator (see [3, Proposition 2.16, p. 21] ). We shall speak of a hereditary pretorsion class as compact if it is a compact element in the lattice of all hereditary pretorsion classes. 
Since M is finitely generated it must have finite length.
Remark 17 This identifies a possibly serious shortcoming in the previous theorem.
The previous results show that if M is a finitely generated product closed module which is projective in σ[M ], then M enjoys the following properties: It is conceivable that the above properties might be enough to force the module M to have finite length, but I don't see a proof. If such a proof can be found then the requirement in Theorem 16 that 'every hereditary pretorsion class in σ[M ] is M -dominated' can be dispensed with and a more satisfying result obtained. The aforementioned requirement seems to be strong and looks rather artificial, it's a disappointing feature of Theorem 16. Of course it might be that the requirement is necessary, but then we need to produce an example of a finitely generated product closed module which is projective in σ[M ] but which is not of finite length. Finding such a module looks like a difficult task.
If, in Theorem 16, the module M is chosen to be R R, we obtain Beachy and Blair's result [2, Proposition 1.4, p. 7 and Corollary 3.3, p. 25]:
Corollary 18 The following assertions are equivalent for a ring R: (i) R R is product closed, i.e., every hereditary pretorsion class in R-Mod is closed under direct products; (ii) R is left artinian. 
